nature physics

Article

https://doi.org/10.1038/s41567-024-02637-3

Phase transitioninmagic withrandom

quantumcircuits

Received: 6 June 2023

Accepted: 12 August 2024

Published online: 23 September 2024

Pradeep Niroula®"?
Sonika Johri*, Daiwei Zhu®*, Christopher Monroe ®'?*%, Crystal Noel ®° &
Michael J. Gullans®'

, Christopher David White', Qingfeng Wang ® %3,

% Check for updates

Magicis a property of quantum states that enables universal fault-tolerant

quantum computing using simple sets of gate operations. Understanding
the mechanisms by which magicis created or destroyed is, therefore, a
crucial step towards efficient and practical fault-tolerant computation. Many
proposals for error correction in quantum computing make use of so-called
stabilizer codes, which use multiqubit measurements to detect deviations
fromlogical qubit states. Here we observe that arandom stabilizer code
subject to coherent errors exhibits a phase transition in magic, which we
characterize through analytical, numerical and experimental probes. Below
acritical error rate, stabilizer measurements remove the accumulated magic
inthe circuit, effectively protecting against coherent errors; above the
critical error rate measurements concentrate magic. A better understanding
of thisbehaviour in the resource theory of magic could help to identify the
origins of quantum speedup and lead to methods for more efficient magic

state generation.

A central goal in physics and computer science is to understand the
origins of possible computational speedups of quantum informa-
tion processors over their classical counterparts. Entanglement is a
central resource for fault-tolerant quantum computing, but it is not
necessarily sufficient to realize computational speedups. The notion
of entanglement must be extended to distinguish between the pro-
duction of ‘easy’ and ‘hard’ quantum states by fault-tolerant opera-
tions. Notably, even when the quantum state of the processor is highly
entangled, computations consisting of only Clifford gates—a finite,
non-universal subgroup of the unitary group—applied to stabilizer
states, or eigenstates of Pauli operators, can be efficiently simulated on
classical computers” Non-stabilizer input states or non-Clifford gates,
by contrast, are believed to be exponentially difficult to simulate on
classical computers®*. On quantum computers non-Clifford gates are
easy; however, in the context of error-corrected quantum computer,
these states and operations still require costly magic state distillation
or other gate-intensive protocols®®.

Aresource theory of stabilizer computation has emerged’ to study
this division between easy (Clifford) and hard (non-Clifford) gates.
In this theory, magic is the resource that enables universal quantum
computation; the amount of magic in a state determines how use-
ful it is as a non-stabilizer input state in fault-tolerant synthesis of
non-Clifford operations. Magic has been used to bound quantum
complexities' and to constrain tensor network models of AdS-CFT™.
Magic-generating non-Clifford operations have alsobeen shown to be
necessary for simulating quantum chaos®. Understanding the mecha-
nisms by which magic can be generated or suppressed in a quantum
circuitis, therefore, necessary not only to accelerate progress towards
universal quantum computing but also to understand the limits in
which quantum computations become classically accessible.

Arelated aspect of quantum entanglement isits behaviourinmon-
itored quantum circuits, such as measurement-induced entanglement
phase transitions™"*. Monitored quantum circuits consist of local gates
(ortimeevolution), interspersed with some rate or density of projective
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Fig.1|Model and phase diagram. a, The model. The qubits startin an all-zero
state, corresponding to alogical O state. We apply arandom Clifford encoding
circuit (green), controlled ‘error’ unitaries (red), and the conjugate of the
encoding circuit (blue). b, A schematic illustration of how magic is created or
destroyed in our model. The encoding step acting on aninput stabilizer state
(represented by ablue Bloch sphere) produces a highly entangled stabilizer state
inthe many-qubit Hilbert space. Coherent rotations move the state off the grid
of stabilizer states. The decoding step either snaps the state back to the grid of

stabilizer states or pushes the state away from that grid. The final state is either
amultiqubit stabilizer state, represented by a Bloch sphere shaded blue, or a
magical state, represented by a Bloch sphere shaded red. The Pauli expectations
of theresulting stabilizer (magical) state are shown as histograms shaded blue
(red). ¢, Phase diagram for constant-rate codes. The colour bar represents the
magic density at a particular code rate r, given by the ratio of logical qubits K and
total number of qubits N, and the error rate, defined to be the angle of coherent
rotation, a.

measurements. The simplest example of amonitored quantum circuit
istheerror correcting code: the state undergoes aseries of entangling
‘encoding’ unitaries, followed by projective syndrome measurement
and final logical ‘decoding’ unitaries”. In general, monitored quan-
tum circuits can display a measurement-induced phase transition in
entanglement. These systems display evidence of acomplicated phase
diagram determined by the details of the circuit'* ', and have connec-
tions to percolation theory™”, the theory of stabilizer codes®® and
statistical mechanics models”*. Such hybrid circuits have also been
shown to exhibit related phase transitions beyond entanglement®.

In this paper, we show that measurement-induced phase transi-
tions of entanglement can be extended to magic, and we study the
transition experimentally. Aquantumerror correcting code subject to
coherent errors displays a phase transition in the magic as a function
of the number of logical qubits (whichin our model sets the measure-
ment rate) or the error rate. In the magic phase transition, syndrome
measurements, which can destroy magic, compete with errors, which
can create magic, just as local dynamics and local measurement com-
peteinthe entanglementtransition. For large error rate or infrequent
measurements, the encoded state has extensive magic, whereas for
low error rate or frequent measurements, the encoded state has nearly
zero magic; the two regimes are separated by a phase transition. A brief
overview of our set-up is sketched in Fig. 1a,b and the resulting phase
diagramis giveninFig.1c. We also introduce a new measure of magic,
the basis-minimized measurement entropy. We measure this quantity
and another known measure of magic, the stabilizer Rényi entropy®, in
classical simulations, analytical calculations and experiments on lonQ’s
Aria trapped-ion quantum computer. The magic phase transition is
visible as a finite-size scaling collapse in these measures.

Model

We study magicinrandom Clifford codes. The initial stateisa product
state of N qubits, |0)®N. Arandomly drawn Clifford circuit Cis applied
to this state. This Clifford circuit maps the initial state to the logical

space of a random Clifford code; such codes are known to make
high-performing error correcting codes”. After encoding circuit C,a
single-qubit rotation R,(a) = exp(—io,a/2), with o, being the Pauli Z
operator, is applied to each qubit. This ‘noise layer’ models coherent
noise and takes the quantum state away from the codespace of the
Clifford code. We call a the error rate. The noise layer is followed by C',
the conjugate of the encoding circuit. Finally, N - K qubits are measured
inthe computational basis, leaving alogical state with K qubits. These
N - Kmeasurements are syndrome measurements for the Clifford code.

The encoding Clifford circuits are generated by interweaving d
layers of single-qubit unitaries and d layers of two-qubit Clifford unitar-
ies (Fig. 1a). The odd layers are single-qubit gates sampled uniformly
from the 24 elements of the single-qubit Clifford group. The even layers
consist of fixed-angle (1/2) entangling Mglmer-Sgrensen gates,
defined as MS (11/2) = e™x%/4 applied to N/2 randomly chosen disjoint
pairs. The decodingcircuitis theinverse of the encoder. Wetaked =N
innumerical calculations and d = N/2 in the experiment to reduce the
effects of noise. Circuits with d = N/2 have a behaviour similar to that
withdepthd = N.InSupplementary Information Section E, we present
numerical dataond = N/2and d = 2N circuits.

Figure 1b illustrates how magic is created or destroyed in our
model. The state begins as alogical stabilizer state. The Bloch sphere,
shaded blue, represents a multiqubit stabilizer state. The encoding
step maps the state to a stabilizer state in amany-qubit Hilbert space,
and error moves the state offthe grid of stabilizer states. The decoding
(conjugate of the encoding operator together with syndrome measure-
ments) step either snaps the state back to the grid of stabilizer states or
pushesthe state away from that grid; in either caseit projects the state
backtothelogical space. Thefinal stateis either amultiqubit stabilizer
state, represented by a Bloch sphere shaded blue, or a magical state,
represented by aBloch sphere shaded red. The stabilizerness of astate
is visible in the Pauli expectations. For a stabilizer state, the distribu-
tion of expectations is concentrated among the stabilizing Paulis, as
shown in the histogram shaded blue for a representative two-qubit
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stabilizer state. For a Haar state, the distribution has support over
all Paulis, as shown in the histogram shaded red for a representative
two-qubit Haar state.

We study this transition for two different code rates. (The code
rateis theratio of the number of logical qubits to underlying physical
qubits.) Thefirst case, which we refer to as ‘vanishing rate’, has only one
logical qubit, so the code rate r=1/Ntends to be zero for large N. The
second case uses constant-rate codes with the scaling K=rNlogical
qubits forafixed coderater.

Quantifying magic

Any measure of magic for pure states is a function of quantum states,
whichis zero for stabilizer states and non-increasing under Clifford uni-
taries. Measures of magic can also be used to quantify the non-Clifford
resources required to prepare astate, and how useful it can be in synthe-
sizing non-Clifford gates by means of magic state distillationand injec-
tion. We consider two measures of magic: the second stabilizer Rényi
entropy (SSRE)***® and the basis-minimized measurement entropy.

The SSRE measures how spread out the state’s density matrix is
when expanded in the basis of Pauli operators. A key property of sta-
bilizer states is that they are the common eigenstate of a maximal set
of mutually commuting Pauli operators®. As a result, the stabilizer
state’s density matrix is only supported on those operators, so it is
maximally concentrated and the SSRE is zero. A Haar state on N qubits,
by contrast, has approximately equal weight on all Pauli operators,
so it is nearly maximally spread out and the SSRE, defined as
M,(p) = —log %Zpey Tr (pP)4 for a density matrix p on N qubits with
asumover all Pauli operators Pinthe Pauligroup 2, is proportional to
N.ThehistogramsinFig. 1billustrate the distribution of Pauli expecta-
tions for these two cases.

We also consider a second measure of magic, which we call
basis-minimized measurement entropy, defined as the entropy of the
Born probability distribution of measurement outcomes, minimized
over thefinite set of possible stabilizer measurement bases. For exam-
ple, consider a two-qubit stabilizer state |00) that we can measure in
arbitrary length-two Pauli bases, including X,X, and Z,Z,. Measuring
XX, willresultinaBorn probability distribution of four equally possible
measurement outcomes |+=), giving an entropy of two. On the other
hand, measuring in Z,Z, results in only one outcome |00), giving an
entropy of zero. Minimizing the entropy over all possible measured
bases, the resulting basis-minimized measurement entropy is zero in
this case. We wish to compute this basis-minimized measurement
entropy for the resulting logical state in our model—that is, the state
on thelogical qubits after encoding, noise, application of the inverse
ofthe encoding circuit and syndrome measurement. In Supplementary
Information Section A, we show that the basis-minimized entropyisa
good measure of non-stabilizerness for pure states. It is zero for a
stabilizer state, isnon-increasing under Clifford unitaries and is subad-
ditive for product states, that is, flo ® p) < f(0) + f(p).

The basis-minimized measurement entropy of the logical state
depends onthe syndrome outcome. Averaging the entropy of the logi-
cal state over all syndromes s gives us the basis-minimized classical
conditional entropy min Si|s = Min (5,3’5 - S5) where S,isthe entropy

B B

of the distribution of syndromes, B is a stabilizer basis for the logical
Hilbert space and [; is the outcome of measurementin stabilizer basis B.
Furthermore, the conditional entropy without any basis minimization
serves as a good upper bound in the non-magical phase. Below the
code’serror-correctionthreshold, the logical state is close to the initial
computational basis state, so we expect the optimal basis to be the
computational basis. So, for small «in our model, we expect the optimal
basis to be the computational basis, and the conditional entropy
is close to its optimal value (after basis minimization). Furthermore,
the Rényi analogue of the conditional entropy, Sij)s - 5§2) where

SE(Z) = —log ) ,P2is the Rényi entropy of distribution X, is analytically

approachable. We compute the conditional entropy by classical simula-
tion and experiment, and the Rényi analogue by experiment and ana-
lytical calculations.

The conditional entropy of the logical state quantifies the uncer-
tainty in the logical space given a syndrome measurement, and it
directly bounds the ability of a decoder to recover encoded classical
information from measurements of the logical qubits (Supplementary
InformationSection C). Adecoderis asyndrome-dependent operation
that corrects logical errors corresponding to the syndrome meas-
ured. Whereas the basis-minimized conditional entropy measures the
minimal uncertainty over all possible Clifford decoding operations, the
conditional entropy without basis minimization limits the decoder to
measurements in the computational basis.

In our experiment, we measured these measures of magic as a
functionofthe error rate @, tuning it from O to /2. At zero error (a = 0)
and maximal error (a = 1/2), both measures are identically zero,
becauseineach case the stateisastabilizer state. Whena = 0, the noise
layer acts as the identity operator, the encoding circuit Cis cancelled
by the following C'and the final state is the same as the input stabilizer
state. When a =T11/2, the error operator e~%:%/2 is itself a Clifford gate,
sothe magicis likewise zero.

Magicin the vanishing-rate code

First, we discuss the vanishing-rate case with a single logical qubit.
Between the two special Clifford points a = 0, /2 the logical qubit has
finite magic according to SSRE, with a peak at a distance « 1/7/N away
from the Clifford point a = /2 point (Fig. 2b). At large N, the Clifford
point, therefore, becomes a singularity. We can understand the
square-root scaling by perturbing around the Clifford point a = 1/2.
At the Clifford point, the logical state is not magical because it is an
equal superposition over states corresponding to that syndrome. Away
fromthe Clifford point, the logical state becomes magical to the extent
thattheamplitudesinthe superposition are nolonger equal. If exactly
two errors give rise to each syndrome and the two errors correspond-
ing to the measured syndrome have weights n, and n,, then the

ratio of amplitudes is [tan(11/2 — a)] "™ ~ (/2 - a)(n, — n,) and

the SSRE is M, ~ (T1/2 — (x)z(na - nb)2 (Supplementary Information
Section F). Figure 2a shows the SSRE for classical simulations of cir-
cuits; the distribution is sharply peaked near this prediction.
Because the error weights n, and n,, controlling the SSRE are drawn
from a binomial distribution, averaging over syndromes gives
M, « N(1t/2 — 01)2 =fl(m/2 - a)VN). (See Supplementary Information
D for details.) Figure 2b shows the syndrome- and circuit-averaged
SSRE as afunction of error angle a. Figure 2c shows the same quantity
for experiments (see below). Both show the predicted square-root
scaling (M) = f((/2 — a)\/ﬁ). Itisinteresting to note that some of the
same behaviour occursin the case of zero-rate surface codes™. In that
case, the breakdown of the code and generation of magic in the logical
qubit occurs at a threshold value below the Clifford point and can be
understood through mappings to Anderson localization®. Here, we
focus on random stabilizer codes for their conceptual simplicity and
natural generalization to afinite density of logical qubits, as considered
in the next section.

Experiment

We performour experiments onlonQ’s Aria quantum processor, made
available through the QLab facility at the University of Maryland. We
use 16 qubits for our experiments to limit the circuit depth and effects
of noise. All quantum circuits, compiled into native gateset, were
executed using APl access. We provide further details on circuit execu-
tion in Supplementary Information Section F. For the vanishing-rate
case, we run the encoding, error and decoding circuit over N physical
qubits many times. Because we needed to perform tomography on the
single logical qubit, we appended an appropriate basis change Pauli
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Fig. 2| Results for vanishing-rate codes. a, Distribution of SSRE across codes
and syndromes in classical simulation. The distributionis tightly peaked around
square-integer multiples of the distance € = /2 - a from the Clifford point,
because itis controlled by the weights of the errors. b,c, Syndrome- and circuit-
averaged SSRE from classical numerical calculations (b) and experimental results
onlonQAriatrapped-ion quantum computer (c). Both display the predicted
square-root scaling. The error estimates for experiments are derived using
bootstrapping (details in Supplementary Information Section H). The scaling
with respect to system size of the vertical axis of ¢ (main) is chosen to match the
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scaling of the peak in unscaled experimental data (inset). For b, we plot the mean
(with the standard error in the inset) for 1,000 realizations of random circuits

for N=8,12,16 and 18, and 500 realizations for N =20. The error bars are omitted
inthe collapse (main plot). In ¢, we also present numerical data from noisy
simulations (solid lines), obtained using a noise model that uses overrotation

and depolarizing noise (see Supplementary Information Section K for more
details). The data pointsin ¢ present mean with bootstrap error (for experimental
points only) over 49 realizations of random circuits for N=8 and 12, and over 29
realizations for N=16.

gate for eachinstance of random encoding circuit. Finally, we measured
the entire register. Postselecting on syndrome outcomes is prohibi-
tively expensive, so we used the fact that the number of effective actions
on the logical qubit (up to a global phase) is much smaller than the
number of possible syndromes. This allowed usto group the syndrome
into equivalence classes, where elementsin a class have the same effec-
tiveactiononthelogical qubits. These classes are identified by group-
ing the rotations using classical simulations. To mitigate incoherent
errors, we projected the density matrix of the logical qubit, obtained
using tomography of a syndrome class, to its maximum-eigenvalue
eigenstate in postprocessing. We then calculate the circuit- and
syndrome-averaged magic M(a) = (|s| x (Mc5);_¢) ., where S denotes
syndrome classes and |5|denotes the size of a syndrome class s.

We present our experimental measurementsin Fig.2cfor N=8,12
and 16, using 50, 50 and 30 instances, respectively, of random circuits.
Theerrorbarsare obtained by means of bootstrap resampling (details
inSupplementary Information Section H). We observed that, following
the mitigation techniques discussed above, we could achieve ameasure-
ment of magic that qualitatively resembles the theoretical expectations.

Constantrate

At finite rate—that is, when the number of logical qubits K scales as
K =rN with the number of physical qubits N—the finite-magic critical
region displayed by the vanishing-rate code becomes an extended
magical phase. This magical phaseis visible in Fig. 1c, which shows the
phase diagram of SSRE as a function of the code and error rate in clas-
sical simulations for systems of N < 14 physical qubits. Figure 3a shows
the density of SSRE at fixed rate r =1/2 as afunction of error rate a, again
in classical simulations. We performed a free-parameter scaling col-
lapse in the linear regime around the crossover, and found that
S/KY « (a/Tt — ac/rr)l/v witha,=0.27(1), v=1.15(4) and y =1.20(8). The
precise values of the exponents are somewhat sensitive to the size of
the regime in which we performed the collapse. Moreover, free-
parameter scaling suggests that the magic scales at the critical point

as N2, But physical intuition suggests that, because the scaling dimen-
sion is zero below the critical point and one above the critical point,
the scaling dimension at the critical point should be within [0, 1]. In
Supplementary Information Section M, we present Fig. 3a but with y
constrained to [0, 1].

Thescaling collapseindicates that the transition fromnon-magical
tomagicalisindeed a phase transition, not a crossover.

As the SSRE is an expensive quantity to measure for finite-rate
codes, we used the conditional entropy of the logical state as a diag-
nostic for the phases. InFig.3b (upper), we show the phase diagram for
conditional entropy density as a function of code rate and error rate.
The conditional entropy, without any minimization over basis, serves
asanupper bound to the basis-minimized conditional entropy, which
is agenuine measure of magic. Moreover, for small a, we have a priori
reasonto believe that the computational basis is the minimum-entropy
basis: the logical state begins in acomputational basis state, and when
the ais small, it is weakly perturbed, so it remains closer to the com-
putational basis state than any other stabilizer state. This is no longer
true at the Clifford point a = /2. There the minimum-entropy basis is
no longer the computational basis, but some other stabilizer basis; in
that basis, the measurement entropy is zero, butin the computational
basis, the measurement entropy is extensive. We discuss the relation-
ship between measurement entropy, error correction and decoder
breakdown in Supplementary Information Section C.

InFig. 3¢, we present finite-rate scaling, obtained through simu-
lations, of the conditional entropy at code rate r=1/2. For each data
pointin numerical simulations of sizes N=12,16, 20 and 24, we simu-
lated 5,000, 5,000, 500 and 50 circuits, respectively. The procedure
used to extract the critical parameters and their errorsis described in
Supplementary Information Section G. We observed that this critical
error rate a. and critical exponent v both differ from the SSRE. Given
thelimited understanding of this model’s phases, compounded by the
challenges with numerical studies of large systems, itis difficult to have
confident estimates of the critical point and exponent. In particular,
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Fig.3 | Results for constant-rate codes. a, Density of magic (SSRE) of the logical
space and its scaling collapse (inset) plotted against the error rate a, for code rate
r=K/N=1/2,for1,000 realizations of random circuits for N <12 and 200
realizations for N=14. The error bars are derived using standard error and are
omitted in the scaling collapse (inset), where the x axis is scaled as (a/1 — a/T)N""
with critical parameters a/mt = 27(1) and v=1.15(4), and the y axis is scaled as
()/KY withy =1.20(8). b, Phase diagrams of conditional entropy (upper) and its
Rényi approximation (lower), without any basis minimization. ¢, Finite-size
scaling of the conditional entropy and its collapse (inset) computed numerically
using simulations at r=1/2. The scaling collapse (inset) has critical parameters
a/m=0.304(2) and v=2.9(2). The data points represent mean and standard error
(omitted in the inset) over realizations of 5,000, 5,000, 500 and 50 circuits for
N=12,16,20 and 24, respectively. d, Finite-size scaling of the Rényi
approximation of the conditional entropy and its collapse (inset) computed

numerically using simulations (displayed points) and analytics (solid line) at
r=1/2.The scaling collapse, computed with data from simulations, has critical
parameters a./Tt = 0.347(1) and v =2.6(2). The data points represent mean and
standard error (omitted in the inset) over realizations of 5,000, 5,000, 500 and 50
circuits for N=12,16,20 and 24, respectively. e, Finite-size scaling of the
conditional entropy using data from experimentsinlonQAriaatr=1/2. The data
points represent mean with error bars obtained using bootstrap resampling,
computed over 49 realizations of random circuits for N= 8,12 and 29 realizations
for N=16. The scaling collapse (inset) uses critical exponents derived from
numerical simulations of circuits with d = N/2, as shown in Supplementary Fig. 2.
f, Finite-size scaling of the Rényi approximation of the conditional entropy and its
collapse (inset) computed using experiments at r =1/2. The data points represent
mean with error bars obtained using bootstrap resampling, computed over 49
realizations of random circuits for N = 8,12 and 29 realizations for N = 16.

we cannot conclude whether or not the transition point coincides with
that of the SSRE, as this depends drastically on the choice of scaling
hypothesis. This discussion is left as an outlook. Indeed, our work
aims not to unify these diagnostics or resolve their detailed phase
transitions but rather to present a transition on non-stabilizerness or
magicin the first place.

Analytical calculations

We also observe that the Rényi conditional measurement entropy, the
Rényi analogue of the Shannon conditional measurement entropy,
exhibits similar phases, as shownin Fig. 3b (lower). The circuit-averaged
conditional Rényi entropy is defined as

Ec|-log 2, (p(és)(x)) +log Z (p‘sx’c(’())2 @

xefo.1" xefo, "

where pﬁ"c(x) denotes the probability of measuring x in the syndrome
register s, for a state produced with a Clifford encoder Cand coherent
rotations of strength a. Similarly the (¢, s) subscript denotes measure-
ment in the joint syndrome and logical register. For large systems, we
canuseatypicality argument to assume that the circuit-to-circuit vari-
ationindistribution of measurement outcomesis negligible; this allows
us to interchange logarithm with expectatlon over Cin equation (1).

Finally, we can calculate EcY, (P™ C(x)) using Clifford averaging
by means of Schur-Weyl duahty (see Supplementary Information
SectionIfor details).

Figure 3d shows the finite-size scaling for Rényi conditional meas-
urement entropy for system sizes N < 24 comparable to those used in
classical simulation and experiment, at code rate r=1/2. The analytical
result is plotted as solid lines. The data points represent circuit aver-
ages computed by means of numerical simulations. For each data point
in numerical simulations of sizes N=12, 16, 20 and 24, we simulated
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5,000, 5,000,500 and 50 circuits, respectively. Indeed, the analytical
computation matches the exact numerical data for large systems for
which the typicality assumption is true. Although our analytics lets
us access arbitrarily large sizes for this observable, we performed the
scaling collapse over sizes that are experimentally accessible. The
procedure used to perform the scaling collapse and extract related
errorsis described in Supplementary Section G.

Experiment

Therandom Clifford code wasimplemented on up to 16 qubits of lonQ’s
32-qubit Ariadevice. (Theimplementation was limited not by the num-
ber of qubits available but by circuit depth, which, in turn, was limited
by gate noise.) The SSRE is not accessible in experiments on finite-rate
codes, becauseitrequires full state tomography. The conditional meas-
uremententropy, by contrast, requires only computational basis meas-
urements. These computational basis measurements undergo
postprocessing similar to linear cross-entropy benchmarking in ran-
dom circuit sampling experiments®, using information from classical
simulation. The reported entropies are Sy = -, p(x)log p(x), where
p(x)is the probability anticipated from classical simulation, and p(x)
are experimentally obtained distributions projected onto the support
of the ideal distribution p(x).

Figure 3e,f show the resulting Shannon and Rényi entropies,
respectively. As expected, the scaling of the entropies with respect
to system size is inverted across the threshold. Recall that the experi-
ments were performed using circuits of depth d = N/2. The scaling
collapse (insets) in the experimental data use the critical parameters
derived from numerical simulations for d = N/2 circuits, as shown in
Supplementary Fig.2b,cin Supplementary Information Section F. For
eachexperimental data point of sizes N= 8,12 and 16, we executed 50,
50and 20 different circuitinstances, respectively. The error bars were
estimated using bootstrap resampling, discussed in Supplementary
Information Section H.

Discussion

We have observed that a random Clifford code subject to coherent
errors displays a phase transition in magic. Concentrating magic of a
large system to a smaller subsystem can be difficult, as has also been
shown inref. 33. In our model, measuring the syndromes of arandom
Clifford code concentrates magicin thelogical spaceiftheerror rate or
the coderateisabovea critical value, and suppresses magic below the
threshold. This result establishes a connection between the resource
theory of stabilizer computation, that is, magic, and the study of
decoder breakdown in quantum error correction codes by means of
the basis-minimized measurement entropy.

In this work, we studied phases of magic for small systems
for which calculating measures of magic is tractable. In general,
non-stabilizerness is difficult to measure. Measures of magic usually
require exponentially many measurement samples and often need
extensive classical processing, making themintractable for large sys-
tems. Our work, however, suggests the possibility of diagnostics, such
as the conditional entropy, that can be estimated efficiently using a
small number of samples and classical postprocessing. In the future,
such measures can be used to study the phase transition in larger sys-
tems to better approximate the thermodynamic limit.

Phase transitions in magic—both ours and the theoretical predic-
tions of ref. 33—indicate that existing measurement-induced phase
transitions sitin a broader landscape of information-theoretic phase
transitions. In each case, the phase transition arises from the competi-
tion between three channels—a channel that generates the resource
(whether entanglement or magic), a channel that generates correla-
tions and achannel that destroys the resource—that fail tocommute. In
the phase transition shown here, the correlation-generating channels
arethe encoding Clifford operations, the resource-generating channels
are the rotations R,(a) of the noise layer and the resource-destroying

maps are syndrome measurements. Inthe phase transition of ref. 33, the
correlation-generating channels are layers of random Clifford gates,
the resource-generating channels are interspersed T gates and the
resource-destroying maps are partial traces. Inthe measurement-only
entanglement phase transition of ref. 34, all channels are projective
measurements: non-local projective measurements generate entan-
glement as well as correlation, whereas onsite measurements destroy
the resource. We conjecture that any information-theoretic setting
with this structure of three competing channels can be made to show
aphase transition. A related question concerns the nature of universal-
ityinthese information-theoretic transitions at their critical points. It
is currently unclear whether the magic phase transitions studied are
indeed part of a universality class of critical phenomena.

Our result also suggests that error correction together with suffi-
ciently well-characterized coherent noise can create useful magic states.
Inthe magical phase, the syndrome measurements move magic fromthe
physical qubits, where non-Clifford gates such as single-qubit rotations
are easy, to the logical qubits, where non-Clifford gates are typically
hard. Syndrome-dependent Clifford unitaries may then transform these
states into states suitable as inputs to existing magic state distillation
protocols. Inthis case, an outstanding challenge is the decoding problem
of identifying the right Clifford unitary given a code and a syndrome.
Notably, such unitaries are efficiently computable under a wide range
of circumstances for zero-rate topological surface codes™. If this can be
donemore generally, then the magical phase may improve the efficiency
of magicstate distillation, thereby reducing overhead in quantum com-
putation algorithms where magic state distillation is the bottleneck.

Online content

Any methods, additional references, Nature Portfolio reporting sum-
maries, source data, extended data, supplementary information,
acknowledgements, peer review information; details of author contri-
butions and competinginterests; and statements of dataand code avail-
ability are available at https://doi.org/10.1038/s41567-024-02637-3.
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