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Entanglement-fidelity limits of photonically networked atomic qubits from recoil and timing
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The remote entanglement of two atomic quantum memories through photonic interactions is accompanied by
atomic momentum recoil. When the interactions occur at different times, such as from the random emission over
the lifetime of the atomic excited state, the difference in recoil timing can expose “which-path” information and
ultimately lead to decoherence. Time-bin encoded photonic qubits can be particularly sensitive to asynchronous
recoil timing. In this paper we study the limits of entanglement fidelity in atomic systems due to recoil and other
timing imbalances and show how these effects can be suppressed or even eliminated through proper experimental
design.
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I. INTRODUCTION

High-quality and fast photonic entanglement links between
good quantum memories are crucial for large-scale modular
quantum computers and quantum networks [1]. The central
resource in these links is the collection and interference of
photons from quantum memories [2], typically through high
numerical-aperture objectives or optical cavities. Such sys-
tems have been proposed and demonstrated in optically active
quantum memory systems such as trapped ions [3–10], neutral
atoms [11–14], and solid-state quantum emitters [15–17].

The quantum entanglement of two quantum memories
through a photonic channel can be classified by the way
photons carry quantum information [6]. In Type-I protocols
[18,19], memories are entangled through the heralded de-
tection of a single photon following interference between
which of the two memories produced the photon. In Type-II
protocols, each memory becomes entangled with an intrinsic
photonic qubit, and the memories become entangled either
through “pitch-and-catch” protocols [20] or heralded detec-
tion of two photons following their interference [3,21]. Type-I
protocols require stringent optical path stability and also suf-
fer from differential atomic recoil [22]. Type-II protocols are
much less sensitive to these effects but are generally slower,
as they require two photonic interactions, each typically oc-
curring with low probability. However, with continual gains in
photonic input/output efficiency [13,14,23,24], this drawback
is fading.
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In this paper, we consider Type-II photonic entanglement
between qubit memories (represented by states |↓〉 and |↑〉),
where photons are emitted, mode matched onto a 50/50 beam
splitter (BS), and detected, ideally heralding entangled Bell
states of the qubit memories in the form

�±
AB = |↓A↑B〉 ± |↑A↓B〉√

2
. (1)

We calculate the effects of recoil differences between the
two memories due to different times of excitation or emis-
sion, consider the resulting entanglement-fidelity limits, and
discuss how to suppress or even eliminate these errors. This
analysis can also apply to pitch-and-catch schemes [11,20]
and atom-cavity systems with high photon output rates [13].
This paper relates to the original discovery and observation of
these effects [10] and subsequent theoretical work [25–27].

In practice, the entanglement fidelity relies upon the in-
distinguishability of the photons, requiring transverse mode
matching of photons on a coupling BS, longitudinal match-
ing of photons through their timing and bandwidth, and
synchronization of quantum memory excitation. Any mis-
alignment or imbalance can reduce the ultimate entanglement
fidelity based on the spatial and temporal overlap of the pho-
tonic wave functions. Photonic time jitter can result from
imperfect photonic elements such as excitation time jitter
(<100 ps for ultrafast pulsed excitation), photon detector jitter
(10–100 ps [28]), or vibratory noise on optical elements (<10
fs for ∼1 μm displacements). All of the above sources of
mismatch or timing noise are either negligible or technical in
nature and can be reduced to insignificance.

However, the emission/detection process is intrinsically
random in time, typically distributed over 1–100 ns. This
can degrade entanglement coherence through the entangle-
ment with atomic motion from photon recoil [10,25–27].
Ultimately, the detection of the two photons after the BS
occurs at random times, resulting in a fundamental source of
entanglement decoherence that may dominate other technical
sources of noise.

2469-9926/2026/113(1)/012620(9) 012620-1 Published by the American Physical Society

https://orcid.org/0000-0002-7110-3678
https://orcid.org/0009-0008-6012-5012
https://orcid.org/0000-0002-5142-1919
https://orcid.org/0000-0001-7798-5993
https://orcid.org/0009-0006-0938-3177
https://orcid.org/0000-0003-0551-3713
https://ror.org/00py81415
https://crossmark.crossref.org/dialog/?doi=10.1103/82c6-4nkl&domain=pdf&date_stamp=2026-01-23
https://doi.org/10.1103/82c6-4nkl
https://creativecommons.org/licenses/by/4.0/


YICHAO YU et al. PHYSICAL REVIEW A 113, 012620 (2026)

FIG. 1. Schematics of photon generation, interference, and detection. (a) Atomlike emitter q is bound in three dimensions (3D) with
harmonic frequencies ωqi. (Extension to normal modes of a chain of atoms is straighforward and discussed in the text.) The Atom is excited
with probability Pq by a laser pulse having wave vector k′

q and emits a single photon with wave vector kq with probability pq. (b) A laser pulse
(blue) excites atom q from state |g〉q to |e〉q (radiative lifetime τ ), followed by emission (red) to an equal superposition of atomic qubit states
|↓q〉 and |↑q〉, correlated with photonic qubit states μ and ν, respectively. (c) Photons from atomic qubits q = A and q = B are mode matched
onto the input ports of a beam splitter (BS) that has field transmission and reflection coefficients t and r with t2 + r2 = 1. After interference,
the BS output ports are relabeled by q′ ∈ A′, B′ as shown. Finally, the photon qubit states are separated and detected. The figure shows an
example for polarization qubits, where additional polarizing beam splitters (PBS) direct each qubit state to independent detectors labeled by
the photonic qubit μ or ν and output spatial mode A′ or B′.

II. PHOTONIC WAVE-PACKET DESCRIPTION

In Fig. 1, we show the schematic of the Type-II quan-
tum memory entanglement scheme. Two atomic emitters q ∈
(A, B) with position operator r̂q from equilibrium are deter-
ministically excited with fast optical pulses of wave vector k′

q
at time t = 0. (Any relative delays in excitation times will be
treated later.) With probability Pq ∼ 1, each atom is excited
from its ground state |g〉 to the short-lived excited state |e〉q

having radiative lifetime τ typically of order 10−8 s. The emit-
ted photons are collected with probability pq from each atom
and with wave vector kq are directed to a BS. The collection
efficiency includes the solid angle of collection optics and all
associated losses leading up to the BS. We note that Ref. [26]
generalizes to the case of emission into large solid angles
where the recoil can also acquire transverse components.

The photons each encode a qubit labeled by the index π ∈
(μ, ν). These two values could be two orthogonal polarization
states, resolvable frequency states, photonic orbital angular
momentum states, or time-bin encoded states, for example.
Any fractional difference in the wave numbers of the photon
qubit states μ and ν are assumed negligible. After emission
and successful photon collection, the atom-photon system is
in an equal superposition of |↓q〉|μ〉 and |↑q〉|ν〉, as shown in
Fig. 1(b). (Unequal branching ratios can also be considered,
affecting only the ultimate rate of Bell state creation.)

The bandwidth 1/τ of the photons is much smaller than
their center (optical) frequency ω0, so we can safely write
the photon field as propagating at a single frequency and
wave number |kq| = ω0/c. We write the field operators for the
creation/annihilation of a photon in qubit mode π and spatial

mode q as

a†
πq =

∫
dt ′ fq(t ′)a†

πq(t ′), (2)

aπq =
∫

dt ′ fq(t ′)aπq(t ′), (3)

where

fq(t ) = 1√
τ

e−t/2τ (4)

is the exponentially decaying wave-packet field envelope de-
fined for t � 0, independent of the photonic qubit state π .
The probability of the photon being emitted at time t is
fq(t )2dt , with

∫
fq(t )2dt = 1. The operators a†

πq(t ) and aπq(t )
create and annihilate a single photon in qubit mode π and
spatial mode q at time t and satisfy the commutation relation
[aπq(t1), a†

πq(t2)] = δ(t1 − t2).

III. PHOTON GENERATION

We now evolve the quantum state of the entire system com-
posed of atomic states spanning |g〉q, |e〉q, |↑q〉, and |↓q〉; the
two modes of the each emitted photon field spanning |nμqnνq〉
with nμq and nνq representing the photon occupation numbers
in modes μ and ν for each atom; and the motion of each atom.

The initial state of each atomic system is∣∣ψ (0)
q

〉 = |g〉q ⊗ |0μq0νq〉 ⊗ |αq〉, (5)

where |αq〉 = ⊗
i |αqi〉 is the initial state of motional mode

i, each taken to be a pure coherent state [29] of amplitude
αqi. (Later, we will generalize to thermal states of motion by

012620-2



ENTANGLEMENT-FIDELITY LIMITS OF PHOTONICALLY … PHYSICAL REVIEW A 113, 012620 (2026)

forming an appropriate mixture of coherent states.) For atom
emitters that are one of N coupled atoms such as a crystal of
trapped ions, the mode i is one of the 3N normal modes of
motion.

After excitation but before photon interference on the BS,
the state at time t evolves to an entangled state between pho-
tonic, atomic, and motional degrees of freedom. Given that a
photon is produced and collected, the resulting state of each
atom and photon is written,

∣∣ψ (1)
q (t )

〉 = √
Pq pq

∫ t

0
dt ′ f (t ′)

1√
2

[

̂

q
↓μ(t ′)Ê q(0)

+ 
̂
q
↑ν (T + t ′)Ê q(T )

]∣∣ψ (0)
q

〉
, (6)

where we adopt the convention of normalizing conditional
states to the probability of their occurrence. The atomic ex-
citation and emission operators are

Ê q(t ) = eik′
q·r̂q (t )|eq〉〈gq|, (7)


̂
q
Sπ (t ) = e−ikq ·r̂q (t )|Sq〉〈eq|a†

πq(t ), (8)

where we have included the explicit time dependence
in the atomic position operator r̂q(t ) by transforming to
rotating frames of each mode i under the Hamiltonian
Hq = ∑

i ωqi(nqi + 1
2 ) with harmonic frequency ωqi and

phonon occupation number nqi in each dimension and mode i.
The evolution in Eq. (6) results in a superposition of (a) a

single photon produced at time t ′ with photonic qubit state |μ〉
correlated with qubit state |↓q〉, and (b) a single photon pro-
duced at time T + t ′ with photonic qubit state |ν〉 correlated
with qubit state |↑q〉. We account for time-bin encoding by
setting a fixed delay T � τ such that the two time bins do not
overlap, during which time the atomic memory qubits states
are swapped [15]. For other types of photonic qubit encodings
such as polarization, we simply set T = 0. The state in Eq. (6)
is a superposition over all potential emission times t ′ weighted
by the photon wave-packet amplitude f (t ′).

The momentum recoil operators appearing in Eqs. (7) and
(8) are

e±ikqi r̂qi (t )|αqi〉 = D[±iηqie
iωqit ]|αqi〉. (9)

Here, the coherent displacement operator [29]
D[ξ ]|α〉 = ei Im ξα∗ |α + ξ〉 and the Lamb-Dicke parameters
for excitation η′

qi = k′
qibqi

√
h̄/2mωqi and emission

ηqi = kqibqi
√

h̄/2mωqi characterize the ith component of

recoil of atom q having mass m. The normal mode matrix bqi

describes the participation of atom q to normal mode i and
scales as 1/

√
N [30].

We now rewrite Eq. (6) as

∣∣ψ (1)
q (t )

〉 =
√

Pq pq

2

∫ t

0
dt ′ f (t ′)

[ |↓q〉|βq(t ′)〉a†
μq(t ′)

+ |↑q〉
∣∣βT

q (t ′)
〉
a†

νq(t ′)
]|0μq0νq〉, (10)

where the evolved motional coherent states of atom
q, |βq(t ′)〉 = ⊗

i |βqi(t ′)〉 and for the case of time-
bin qubit encoding there is a second coherent state
|βT

q (t ′)〉 = ⊗
i |βT

qi(t
′)〉. The components of these coherent

states are thus written

|βqi(t
′)〉 = D[−iηqie

iωqit ′
]D[iη′

qi]|αqi〉, (11)

∣∣βT
qi(t

′)
〉 = D[−iηqie

iωqi (t ′+T )]D[iη′
qie

iωqiT ]|αqi〉. (12)

A diagram of these coherent state displacements is shown
in Fig. 2. Note that if there is no time-bin encoding,
βT

qi(t
′) = βqi(t ′).

IV. PHOTON INTERACTIONS ON A BEAM SPLITTER

The combined photonic states from each atomic emitter
are next mode matched on the input ports of a nominal
50/50 beam splitter (BS) [see Fig. 1(c)]. The BS transforms
each time mode independently, and the photon field operators
evolve according to

a†
πA(t ) → t b†

πA′ (t ) + r b†
πB′ (t ), (13)

a†
πB(t ) → r b†

πA′ (t ) − t b†
πB′ (t ). (14)

Here, the photon creation and annihilation operators b†
πq′ (t )

and bπq′ (t ) correspond to photons after the BS and satisfy
[bπq′ (t ′), b†

πq′ (t ′′)] = δ(t ′ − t ′′). The BS transmission and re-
flection coefficients t and r are taken to be real, both nominally
1/

√
2 and satisfying r2 + t2 = 1 (no loss). We relabel the

spatial mode indices from A, B to A′, B′, as shown in Fig. 1(c).
The state of Eq. (10) evolves according to the BS trans-

formations above, abbreviating the functional dependences on
times t ′ and t ′′ by simply appending prime and double-prime
superscripts to the photon field operators. We find that the
complete quantum state of both atoms, their motion, and the
two photonic modes is

∣∣ψ (2)
AB

〉 = 1

2

√
PAPB pA pB

∫ ∞

0
dt ′

∫ ∞

0
dt ′′ fA(t ′) fB(t ′′)

{|↓A↓B〉|βA(t ′)〉|βB(t ′′)〉

× (−t2 b′†
μA′ b′′†

μB′ + r2 b′†
μB′ b′′†

μA′ + rt b′′†
μA′ b′′†

μA′ − rt b′†
μB′ b′′†

μB′ )

+ |↑A↑B〉∣∣βT
A (t ′)

〉∣∣βT
B (t ′′)

〉
(−t2 b′†

νA′ b′′†
νB′ + r2 b′†

νB′ b′′†
νA′ + rt b′†

νA′ b′′†
νA′ − rt b′†

νB′ b′′†
νB′ )

+ |↓A↑B〉|βA(t ′)〉∣∣βT
B (t ′′)

〉
(−t2 b′†

μA′ b′′†
νB′ + r2 b′†

μB′ b′′†
νA′ + rt b′†

μA′ b′′†
νA′ − rt b′†

μB′ b′′†
νB′ )

+ |↑A↓B〉∣∣βT
A (t ′)

〉|βB(t ′′)〉(−t2 b′†
νA′ b′′†

μB′ + r2 b′†
νB′ b′′†

μA′ + rt b′†
νA′ b′′†

μA′ − rt b′†
νB′ b′′†

μB′ )
}|0μA′0νA′ 〉|0μB′0νB′ 〉. (15)
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FIG. 2. Phase-space recoil displacements of a single harmonic motional mode i of atom q in a frame rotating at frequency ωqi, with initial
coherent-state amplitude αqi (lowest black dots in each plot). (a) excitation and recoil with scaled momentum kick of magnitude η′

qi (blue line),
then after time tμ and tν emission and recoil (red lines) to coherent states βqi(tμ) and βqi(tν ) (red dots) given by Eq. (11). (b) For time-bin
encoding with preset delay T between excitation pulses, there is additional evolution. In this case, the excitation recoils have different phases
(blue lines), corresponding to final coherent states (red dots) βqi(tμ) and βT

qi(tν ) from Eqs. (11) and (12).

V. PHOTON MEASUREMENT

Next the two photons are measured in coincidence, heralding an entangled state of the atomic qubits. The first eight of the
above 16 photonic terms in Eq. (15), associated with atomic qubit states |↓A↓B〉 and |↑A↑B〉, involve photons in the same qubit
state μ or ν and do not project entangled states of the atomic qubits, so these events are simply discarded. The last eight terms
contain two-photon correlators that project an entangled superposition between states |↓A↑B〉 and |↑A↓B〉. There are four unique
states of the two photons to consider following this coincidence measurement: either two detectors fire on opposite sides of the
BS (|1001〉 or |0110〉), or they fire on the same side (|1100〉 or |0011〉). Here, we have abbreviated the photonic state without
subscripts, e.g., |1μA′0νA′ 〉|0μB′1νB′ 〉 → |1001〉.

We model the photon measurement step by projecting one photon in state μ at time tμ over interval dtμ, and a second photon
in state ν at time tν over interval dtν . The projection operator has the form

�̂μq′
μ,νq′

ν
= b†

μq′
μ
(tμ)b†

νq′
ν
(tν )

∣∣0μq′
μ
0νq′

ν

〉〈
0μq′

μ
0ν ′q′

ν

∣∣bμq′
μ
(tμ)bνq′

ν
(tν ), (16)

where q′
π ∈ A′, B′ is the photonic spatial output mode associated with photonic qubit state π for the particular correlation

measured. When the appropriate two-photon projector is applied to the state in Eq. (15), the integrals over t ′ and t ′′ collapse,
as bπq(t1)b†

πq(t2)|0πq〉 = δ(t1 − t2)|0πq〉. We find that one of the four pure states below is probabilistically created, labeled by

|ψ (3)
γ 〉 = 〈γ |�̂μqμ,νqν

|ψ (2)
AB 〉, where the parameter γ = 1001, 0110, 1100, or 0011 describes which photon pair state has been

measured:

∣∣ψ (3)
1001

〉 = √
χdtμdtν

[−t2 fA(tμ) fB(tν )|↓A↑B〉|βA(tμ)〉∣∣βT
B (tν )

〉 + r2 fA(tν ) fB(tμ)|↑A↓B〉∣∣βT
A (tν )

〉|βB(tμ)〉], (17)

∣∣ψ (3)
0110

〉 = √
χdtμdtν

[
r2 fA(tμ) fB(tν )|↓A↑B〉|βA(tμ)〉∣∣βT

B (tν )
〉 − t2 fA(tν ) fB(tμ)|↑A↓B〉∣∣βT

A (tν )
〉|βB(tμ)〉], (18)

∣∣ψ (3)
1100

〉 = √
χdtμdtν

[
rt fA(tμ) fB(tν )|↓A↑B〉|βA(tμ)〉∣∣βT

B (tν )
〉 + rt fA(tν ) fB(tμ)|↑A↓B〉∣∣βT

A (tν )
〉|βB(tμ)〉], (19)

∣∣ψ (3)
0011

〉 = √
χdtμdtν

[−rt fA(tμ) fB(tν )|↓A↑B〉|βA(tμ)〉∣∣βT
B (tν )

〉 − rt fA(tν ) fB(tμ)|↑A↓B〉∣∣βT
A (tν )

〉|βB(tμ)〉]. (20)

Here, the normalization constant χ = PAPB pA pBε2
D/4, where

εD is the photon detection efficiency of each detector.

VI. MODEL OF THE STATE FIDELITY AND YIELD

In order to calculate the expected fidelity and success prob-
ability (yield) of the above states, we form the density matrix
in each case above and trace over the motional degrees of

freedom:

ργ = 1

Pγ

TrM
{∣∣ψ (3)

γ

〉〈
ψ (3)

γ

∣∣} (21)

= �↓↑
γ |↓A↑B〉〈↓A↑B| + �↑↓

γ |↑A↓B〉〈↑A↓B|

+ 1

2
Cγ |↓A↑B〉〈↑A↓B| + 1

2
C∗

γ |↑A↓B〉〈↓A↑B|. (22)
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FIG. 3. Integration time window (dark shaded region) of two-
photon events appearing on the μ and ν detectors at times tμ and
tν , respectively. Each detector has an independent time window of
(0, TD ), and also the time difference between detections is restricted
to be |tν − tμ| < T�.

We can then write the Bell state fidelity [31]

Fγ = 1

2
(�↓↑

γ + �↑↓
γ ) + 1

2
|Cγ | = 1 + |Cγ |

2
, (23)

where the absolute value of the coherence accounts for the
phase of the expected Bell state and the populations �↓↑

γ +
�↑↓

γ = 1.
The probability of heralding state |ψ (3)

γ 〉 is
Pγ = Tr|ψ (3)

γ 〉〈ψ (3)
γ |,

P− ≡ P1001 = P0110 = χ (t4 + r4)Y, (24)

P+ ≡ P1100 = P0011 = 2χ t2r2Y. (25)

In these expressions, the yield Y of two-photon events is inte-
grated over the joint time window W of the relevant detectors
over the interval (0, TD), and also over a symmetric window
of time difference |tν − tμ| < T�, as depicted by the shaded
region in Fig. 3:

Y =
∫∫

W
dtμdtν fA(tμ)2 fB(tν )2 (26)

= 1 − e−T�/τ − e−(2TD−T� )/τ + e−2TD/τ . (27)

With no detection time-difference window (T� = TD), the
yield is Y = (1 − e−TD/τ )2. Henceforth, we shall take the
time-difference window to be much more restrictive than the
detection window, or T� � TD, and the yield becomes Y =
1 − e−T�/τ .

If there is a known imbalance δt0 from emitter excitation
times or optical path lengths before the BS, there is a possi-
bility of one photon interacting with the BS before the other
photon can be emitted, thereby carrying which-path informa-
tion on the source of the early photon. However, such events
can be simply vetoed by appropriately setting each detector
window to start counting after the leading edge of the later

photon wave packet would reach the detector. For a detec-
tor time-difference window T� � TD, the yield is reduced
to = e−δt0/τ (1 − e−T�/τ ). Note that optical path imbalances
between the BS and the detectors can be absorbed into simple
offsets in the detector windows in time and do not affect the
fidelity or yield.

The coherence factors Cγ for each of the four heralded
states in Eqs. (17)–(20) are

C1001 =
(−2t2r2

t4 + r4

)
1

Y

∫
μA′

dtμ

∫
νB′

dtνI (tμ, tν ), (28)

C0110 =
(−2t2r2

t4 + r4

)
1

Y

∫
μB′

dtμ

∫
νA′

dtνI (tμ, tν ), (29)

C1100 = 1

Y

∫
μA′

dtμ

∫
νA′

dtνI (tμ, tν ), (30)

C0011 = 1

Y

∫
μB′

dtμ

∫
νB′

dtνI (tμ, tν ), (31)

where

I (tμ, tν ) = fA(tμ) fB(tμ) fA(tν ) fB(tν )M(tμ, tν ) (32)

is integrated over the detection windows of the two relevant
detectors for each type of correlation.

If the BS has an power imbalance δBS ≡ t2 − r2, we find
that the fidelity F− ≡ F1001 = F0110 is degraded by a fac-
tor (1 − δ2

BS)/(1 + δ2
BS), while the success probability P− is

boosted by a factor 1 + δ2
BS. For the case of detectors on

the same side heralding the state |�+
AB〉, the BS imbalance

does not affect the fidelity F+ = F1100 = F0011 but the success
probability P+ is degraded by the factor 1 − δ2

BS.
The motional overlap factor in Eq. (32),

M(tμ, tν ) =
∏

i

MAi(tμ, tν )MBi(tμ, tν )∗, (33)

has six terms representing the three directions of motion i for
each atom and can lead to decoherence of the atomic mem-
ories through the trace over the motion [Eq. (21)]. For pure
coherent states of motion |βqi(t )〉 and |βT

qi(t )〉, the motional
overlap factors are

Mqi(tμ, tν ) = 〈
βT

qi(tν )
∣∣βqi(tμ)

〉
. (34)

More generally, the initial state of motion of atom q along
direction i appearing as αqi in Eqs. (11) and (12) can be
described by a density matrix distribution of coherent states,
characterized by the Glauber P-distribution P(αqi ) [29],

ρM
qi =

∏
i

∫
d2αqi|αqi〉〈αqi|P(αqi ). (35)

We take the initial state of motion as a thermal mixed state
P(αqi ) = e−|αqi|2/n̄qi/(π n̄qi ) [29], which would be expected
from laser cooling. Here, n̄qi is the mean thermal motional
quantum number of atom q in direction i. The thermal density
matrix is then

ρM,Therm
qi =

∏
i

1

π n̄qi

∫
d2αqi|αqi〉〈αqi|e−|αqi|2/n̄qi . (36)
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Finally taking the trace over the motion and using Eqs. (11)
and (12), we find

Mqi(tμ, tν ) = 1

π n̄qi

∫
d2αqi

〈
βT

qi(tν )
∣∣βqi(tμ)

〉
e−|αqi|2/n̄qi

= e−iψqi e−(2n̄qi+1)Zqi (tμ,tν ,T ). (37)

The decoherence term Zqi(tμ, tν, T ) characterizes the over-
lap of the recoiled motional states for atom q and mode i for
n̄qi = 0 (or any pure initial motional state), due to the random
emission times tμ and tν and the fixed time-bin separation T :

Zqi(tμ, tν, T ) = 1
2 |βT

qi(tν ) − βqi(tμ)|2

= η′2
qi(1 − cos ωqiT )

+ η2
qi[1 − cos ωqi(T + tν − tμ)]

+ η′
qiηqi[cos ωqi(T + tν ) − cos ωqitν

+ cos ωqi(T − tμ) − cos ωqitμ]. (38)

The phase of the coherence appearing in Eq. (37) is inde-
pendent of the initial motional state,

ψqi = η′2
qi sin ωqiT + η2

qi sin ωqi(T + tν − tμ)

− η′
qiηqi[sin ωqi(T + tν ) + sin ωqitν

+ sin ωqi(T − tμ) − sin ωqitμ]. (39)

This phase will fluctuate with the distributed photon detection
times, but when averaged over the distribution of photon de-
tection times, the resulting loss of contrast is much smaller
than the main source of decoherence given by the real expo-
nential term in Eq. (37), so we neglect it.

Assuming ωqiτ � 1, the motional phase factors ωqitπ are
small, simplifying the decoherence factor to

Zqi(t�, t�, T ) = (ηqi − η′
qi )

2(1 − cos ωqiT )

+ 1
4η′

qiηqi(1 − cos ωqiT )ω2
qit

2
�

+ [
1
4ηqiη

′
qi(1 − cos ωqiT )

+ 1
2η2

qi cos ωqiT
]
ω2

qit
2
�. (40)

Here, t� = tν − tμ is the time difference between ν and μ

photon detections with respect to their excitation pulses and
t� = tν + tμ is their sum. In the above expression, we have
ignored terms that are odd in the random variable t�, as they
will cancel when integrated over its symmetric distribution.

The first and second terms in Eq. (40) describe the recoil
decoherence from the time-bin separation T not in synchrony
with the motional oscillation period and depends on both
excitation and emission wave vectors. These terms vanish
when T is set to be commensurate with the oscillation pe-
riods of all three oscillators in both emitters [10]. Taking
ωqiT = 2πNqi + ωqiT̃qi, where Nqi are integers and all six
modes are nearly commensurate with the time-bin separation,
or ωqiT̃qi � 1, the decoherence factor takes the form

Zqi(t�, t�, T ) ≈ 1
2

[
(ηqi − η′

qi )
2 + 1

4η′
qiηqiω

2
qit

2
�

]
ω2

qiT̃
2

qi

+ 1
2η2

qiω
2
qit

2
�. (41)

The last term in Eqs. (40) and (41) characterizes the recoil
decoherence from random emission time differences t�, even
when time-bin encoding is not employed.

We can now integrate Eqs. (28)–(31) over the detection
windows of tμ and tν (or equivalently t� and t�), using
Eqs. (37) and (41), and taking (2n̄qi + 1)Zqi(t�, t�, T ) � 1.
The Bell state fidelity is

Fγ = 1 −
∑

qi

(
n̄qi + 1

2

)
Y

∫∫
W

dt�dt�
e−t�/τ

2τ 2
Zqi(t�, t�, T )

(42)

= 1 −
∑

q

(
ET

q + ER
q

)
. (43)

The time-bin asynchronous error summed over all modes in
Eq. (43) is

ET
q = 1

4

∑
i

(2n̄qi + 1)(ηqi − η′
qi )

2ω2
qiT̃

2
qi (44)

= 1

4

∑
i

(2n̄qi + 1)ω�R
qi ωqiT̃

2
qi, (45)

where the differential recoil frequency is given by
ω�R

qi = h̄(kqi − k′
qi )

2b2
qi/2m. We have neglected the second

term in the first line of Eq. (41), which is only important when
ηqi ≈ η′

qi, or for colinear excitation and emission directions,
which is experimentally undesireable owing to large potential
background counts or detector blinding from the excitation
laser.

Of course the error ET
q can be eliminated by synchronizing

the time bins to be a multiple of all trap periods so that T̃qi = 0
as discussed above [10]. This may not always be practical for
axial modes of a chain of trapped ions or atoms confined in
optical tweezers [13,14]. In cases where the time-bin separa-
tion is desired to be much shorter than the period of atomic
motion, the asynchronous time-bin separation should be set
well larger than the atomic lifetime τ so that the two time bins
do not significantly overlap and result in indistinguishability
of the photonic qubit states. For a time-bin separation set to
T = T̃qi = �τ , we expect an additional fidelity error due to
overlap of e−�. In practice, the value of � can be set to be
much smaller than the motional decoherence error at the focus
of this paper.

The random emission time error in Eq. (43), relevant to any
photonic qubit encoding (not just time bin), is similarly

ER
q =

∑
i

(2n̄qi + 1)ωR
qiωqiτ

2W, (46)

where the emission recoil frequency is given by
ωR

qi = h̄k2
qi/2m. Here, the parameter

W = 1 − (1 + w + w2/2)e−w

1 − e−w
(47)

characterizes the variance of the random variable t� over the
detection window |t�| � T� (Fig. 3) and smoothly increases
from 0 to 1 as the relative window size w = T�/τ increases
from 0 to ∞ [10].

We note that the time-bin encoding error depends on the
recoil momentum transfer h̄(kqi − k′

qi ) associated with the
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TABLE I. Entanglement-fidelity errors from recoil of two-
photon heralded entanglement protocol due to random emission
times, selecting events with |t�| � 2τ (w = 2, W = 0.38, and 86%
yield). Recoil is taken to be along a single direction i of motion
for each of the two emitters laser-cooled to their Doppler limit.
The time-bin separation T = T̃qi = �τ is set as a multiple � of the
photonic width τ so that the photonic qubit indistinguishability error
e−� is the same as the time-bin asynchronous recoil error of Eq. (48).
The errors are significantly smaller when the atoms are cooled to
their zero point; the general formulas are given by Eqs. (45) and (46).

Transition Exc. state Recoil Time-bin Random
Wavelength lifetime ωR

qi/2π error error
Atom λ (nm) τ (ns) (kHz) 2ET,Dopp

q 2ER,Dopp
q

9Be+ 313 8.2 226 5.13% 0.218%
40Ca+ 397 6.8 31.6 1.28% 0.025%
40Ca+ 866 6.8 6.6 0.42% 0.005%
87Rb 780 26 3.8 0.74% 0.012%
88Sr+ 422 7.8 12.7 0.75% 0.012%
88Sr+ 1092 7.8 1.9 0.18% 0.002%
88Sr 461 5.3 10.4 0.50% 0.007%
138Ba+ 493 7.9 5.9 0.44% 0.006%
138Ba+ 650 7.9 3.4 0.29% 0.003%
171Yb+ 369 8.1 8.6 0.58% 0.008%
171Yb 399 5.5 7.3 0.39% 0.005%
171Yb 1389 330 0.6 1.22% 0.023%

difference being excitation and emission, while the random
emission error depends on the momentum transfer h̄kqi as-
sociated only with emission. This is because in the absence
of time-bin encoding, the excitation of the two atoms is
simultaneous.

VII. ENTANGLEMENT RECOIL ERRORS
FOR COMMON ATOMS

We now consider the asynchronous time-bin and random
detection/emission errors under the assumption of Doppler
laser cooling of the host atoms [32]. The Doppler cooling
limit results in thermal distribution of motional quanta with
n̄qi = (2ωqiτ )−1, which is much greater than unity in typical
experimental systems [10,13,14,32]. By also taking kqi ∼ k
and kqi − k′

qi ∼ k, we find that the above errors simplify and
become independent of the atomic motional frequency ωqi.
We assume the time-bin asynchronous error is set to be faster
than a single period of atomic motion as described in the
previous section. We then find that the errors simplify to

ET,Dopp
q = 1

4�2ω�R
qi τ, (48)

ER,Dopp
q = W ωR

qiτ. (49)

For simplicity, we have collapsed the sums over motional
modes in Eqs. (48) and (49) and replaced them with a single
term when there are multiple motional-coupled atomic emit-
ters, as b2

qi ∼ 1/N .
Both expressions above involve only atomic parameters

and are summarized in Table I for common atomic systems
under Doppler cooling. By employing sub-Doppler cooling
to near the zero point (n̄qi = 0) through resolved-sideband,

Electromagnetically induced transparency (EIT), or Sisyphus
cooling for example, the recoil decoherence in Eqs. (48) and
(49) and Table I are reduced further by the factor ωqiτ � 1.
This would result in entanglement errors being reduced by an
order of magnitude for typical ion trap systems [10] and by
two or more orders for typical neutral atom systems [13,14].

VIII. ACTIVE CANCELLATION OF RECOIL-INDUCED
DECOHERENCE

We finally show how to use auxiliary operations to
coherently eliminate the motional entanglement and thus po-
tentially eliminate the Bell state fidelity error stemming from
the different recoil times of the emitters. This approach was
recently considered in Ref. [26] and has some similarity to
the use of special pulse-shaped optical drives that are used
to coherently drive optical qubit transitions while avoiding
decoherence from the residual entanglement with motion [27].

After measuring both photons, the quantum state of the two
atoms and their motion is ideally given by one of Eqs. (17)–
(20) (taking t2 = r2 = 1/2):

∣∣ψ (3)
γ

〉 = 1√
2
|↓A↑B〉|βA(tμ)〉∣∣βT

B (tν )
〉

± 1√
2
|↑A↓B〉∣∣βT

A (tν )
〉|βB(tμ)〉. (50)

In order to disentangle the motion from the qubit states, we
can apply particular state-dependent forces on the qubits,
armed with the measured detection times tμ and tν and the
time-bin separation T . While the coherent states in Eq. (50)
contain the initial (thermally distributed) motional states |αqi〉,
the only remnant of the initial conditions after these rewinding
operations is an overall phase factor, hence the final state is
pure even after tracing over the motion. Such operations are
very similar to the well-known Mølmer-Sørensen quantum
gate operation [33–36], with several studies of errors in such
operations [37,38] and experimental demonstrations with fi-
delities greater than 99.9% [39–42]. In practice, when such
operations are implemented with optical sources, they require
the atomic system to be confined to within the Lamb-Dicke
limit, where η2

qin̄qi � 1 [37,38], as is typically the case in ion
trap experimental systems [32].

As an example, by applying the state-dependent displace-
ment operators

Ôqi = |↓q〉〈↓q|D(iηqie
iωqitμ − iη′

qi)

+ |↑q〉〈↑q|D(iηqie
iωqi (tν+T ) − iη′

qie
iωqiT ) (51)

to all relevant modes i of both atoms q, the motion in Eq. (50)
can be shown to disentangle from the qubits, independent
of αqi. We find that any operator that provides a differential
displacement to the two qubit states in each atom of

�αqi = iηqi(e
iωqitμ − eiωqi (tν+T ) ) − iη′

qi(1 − eiωqiT )

for each motional mode i will disentangle all modes of motion
from the memories. Schematically, these coherent rewinding
operations reverse the excitation and emission recoil from
each of the six modes (red and blue arrows in Fig. 2), re-
turning the motion to its original state and thus eliminating
motional decoherence entirely. In practice, such forces can be
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realized through bichromatic optical Raman beams [43,44] or
AC Stark shift gradients from optical tweezers [45].

IX. OUTLOOK

Quantum networks of atomic quantum memories are typ-
ically formed through the emission of photons. In this paper,
we have undertaken a general study of potential fidelity-
limiting effects involving the recoil of the atoms distributed
over time. This includes the general random emission of
photons from spontaneous emission, as well as special con-
siderations for the case of time-bin photonic encoding. The
resulting residual entanglement with atomic motion can lead
to decoherence of the quantum memories at the network
nodes. We have modeled this effect under realistic experi-
mental conditions, and in the case of initially Doppler-cooled
atoms, the result can be expressed in a very simple form that
depends only upon fundamental atomic paramters. The levels
of errors are less than 1% and can be made even smaller

with ground state cooling. Moreover, they can be reversed
with appropriate postentanglement quantum-state-dependent
forces common to popular ion trap quantum logic gates. The
results presented here agree with a recent experiment [10] and
are consistent with recent theoretical descriptions of similar
phenomena involving emission into cavities [25] and light
collection with large solid angles [26].
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