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A The entangling protocol

The ions are first Doppler-cooled and optically pumped into the ground state |0). Each ion is then
prepared in an equal superposition so the resulting two-ion state can be written as:

d-1
o) = Z N e > layy” (S1)
q=0

where d is the qudit dimension. The superscript (a) denotes an atomic ion state, and the labels
{A, B} refer to the ions in the A and B chambers, respectively.

To generate a photon in a specific time-bin, the ion population in |0) is promoted to the excited
state |e), from which it may spontaneously decay back to |0), emitting a single photon in time-bin
J. The operator for such a process is:

Ay = NG (pesran i)t \T=p) + Z|q><“><q|<“> (82)
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where p is the overall probability to detect the photon, cj. is the photon creation operator for time-bin
J, Ak = kK’ — k is the difference between the excitation pulse wavevector k” and the emitted photon
wavevector k; and ru p(¢;) is the atomic position operator for ion A or B.

The two ion-photon joint states at the beamsplitter input, conditioned on successful photon
emission in time-bin n and collection into an optical fiber, is given by:
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where ¢4 pyn = AK T4 1 (1,) + ¢({)§t’ py accounts for the optical and motional phases; r4 py(f.) is
the position of an ion {A, B} at the time ¢,,; the superscript (p) denotes photonic modes, and {A, B}
subscripts indicates the presence of a photon in the input modes A or B of a beamsplitter.

The photons are interfered on a beamsplitter, so we apply the beamsplitter transformation
|n)¢a,By — |n)c * |n)p, yielding the atom-atom state conditioned on a detection in output modes
CorD:
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To generate the other time-bins, we swap the population between |0) and |j) and apply an
excitation pulse. Upon successful detection of a second photon in time-bin m > n, the entangled
atom-atom state becomes:
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where A¢ = (pan — Pam) — (651 — P5m) is differential phase for time-bins n and m.

In our implementation, we assume synchronization between pulsed excitations and ion motion
periods, and negligible optical phase drift between time-bin generations. Under this assumption,
optical and motional phase contributions cancel for time-bins n and m, reducing the overall phase
to a global phase that can be neglected.

Note that in our experiments, the final atomic states are different due to the swap pulses used
for time-bin generation. This advances the state as {n,m} — {n+1,m+1} (if m = d, thenm — 0).

B Remote entanglement rate and success probability

Fig. S1 presents the remote qudit-qudit entanglement generation rates and entanglement generation
success probabilities measured across multiple data sets for each qudit with dimension d. Each
data point corresponds to a separate acquisition run. Dashed lines indicate the average rate for each
value of d.

The remote entanglement rate is written as

_ F PADB
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where 7 is the entanglement attempt time excluding time-bin generation and Ty, is the overhead
for the generation of extra time-bins. & = 1 — 1/d is the dimension-dependent entanglement
success fraction. The overhead for adding extra dimensions to qudits may outweigh the gains in the
entanglement rate, so the optimal trade-off may depend upon how quickly the extra dimensions (in
our case time-bins) can be generated.

The entanglement rate is primarily limited by the duration of single-qubit operations, which
depends on the available optical power and the optics used for beam focusing. A further limitation
arises from the need to synchronize time-bin generation with the ion’s motional period. This
constraint may be relaxed by increasing trap frequencies so that the time-bin delay is much shorter
than the period of atomic motion (54), or by cooling ions to near the motional ground state, perhaps
through continuous sympathetic cooling (37).

The entanglement rates vary with qudit dimension due to the increasing overhead required to
generate and manipulate additional time-bins. For d = {2, 3,4}, the entanglement cycle periods
are Teyele = {17.0,22.7,34.1} us, respectively. These durations also depend on the Rabi frequency
of the 1762 nm single-qubit rotations, which are regularly re-calibrated during data collection to
ensure high-fidelity rotations. Table S1 lists other relevant metrics from our experiment for each
qudit dimension, including the number of successes and attempts.

The atom-atom entanglement success probability is given by Py = F papp, as defined in the
main text. The reported values of P are directly calculated from the total number of successes
and attempts during our experiment. The probability of light collection and detection from each
chamber denoted p4 and pp are products of various efficiencies and losses as listed in Table S2. To



extract the fractions (&) as shown in Fig. 4, we factor p4 and pp from the directly measured atom-
atom entanglement success probability (Pep¢). For d = {2, 3,4}, the extracted success fractions are
F ={0.37(11),0.64(17),0.90(24) } respectively, as shown in Fig. 4.

C Magnetic field drift and phase correction

Fig. S2 shows the measured phase evolution over hours of time for each Bell state, with a phase shift
of 7 added manually to all odd parity states |~) to bring the curves together. The drifting phase
of the coherence for each state in Eq. 3 was fitted to a uniform magnetic field that best reproduced
the known ratio of phase shifts given by Table S3.

The rephasing procedure improves fidelity estimates by compensating for slow environmental
drifts and ensures accurate characterization of the entangled states. All results shown in the main
text include this phase correction. We show the measured populations, contrast and fidelity for each
entangled state in Table S5. We also show the detection probabilities for each ion-ion pair at the
points maximum contrast in Fig. S4. Note, that the values shown in Figs. S3 and S4 are calculated
assuming the Central Limit Theorem, unlike the results shown in Table S5.

D Error budget

Table S4 summarizes the estimated errors contributing to the infidelity of the final entangled states.
The total error is separated into two categories: errors common to all entangled states, and those
specific to individual Bell states. The common error sources contribute approximately 1.51% to the
total infidelity across all measurements. 0.5% of the common error sources are due to SPAM, which
is limited by our 1762 nm shelving fidelity to the detection dark state. Our dark state discrimination
error is negligible.

State-specific errors vary depending on the magnetic field sensitivity and the number of single-
qubit operations required for each of the final Bell states. Decoherence significantly degrades the
Bell states that are more sensitive to magnetic field. In addition, we noticed a significant double-
excitation error that arises when m — n = 1 for photons detected in time-bins m, n. This is caused
by infidelity in our 1762 nm shelving pulses during the entanglement generation procedure, as any
population leftover in the ground state from the swap pulses may be excited a second time. This
error is suppressed for entangled states with m —n > 1, because the subsequent swap pulses act as a
shelving pulse for the “leftover” population. Note that the final atomic states are different from the
heralded time-bin detections because of the swap pulses, specifically the atomic state gets advanced
by 1, n — n + 1. For example, the states |01) + |10) are heralded by detections in time bins (0,3).

Bell states with minimal sensitivity to these effects (such as |01 + 10) or |13 + 31)) exhibit fi-
delities consistent with our prior work on remote entanglement with time-bin photon encoding (23).
In contrast, states like |23 + 32), require additional single qubit rotations and are more prone to
decoherence due to higher sensitivities to magnetic field, exhibit significantly higher error rates.
The corresponding 1762 nm pulse fidelities for the metastable Zeeman transitions are comparable
across all components and are primarily limited by common technical noise sources, such as laser
phase noise and intensity fluctuations, rather than by intrinsic differences between the transitions.

Several technical improvements provide a clear pathway toward higher fidelities across the
entangled atom-photon and atom-atom states. In particular, enhanced magnetic-field stabilization
and passive shielding would extend coherence times well beyond the duration of the entanglement
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Figure S1: Remote entanglement rates and total entanglement success probabilities for dimensions
d = {2,3,4}. Each point represents a separate data set collected over time. Dashed lines indicate
the average entanglement rate for each qudit dimension.

sequence, thereby suppressing dephasing (55). Further reductions in error can be achieved through
faster 1762 nm control pulses (via increased optical power and improved beam focusing), which
shortens the protocol duration and proportionally reduces accumulated decoherence. Additional
gains are expected from improved phase stabilization of the 1762 nm laser to suppress intensity
and phase errors.
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Figure S2: Differential magnetic field drift and phase feed-forward. Solid points are measured
phase drifts of all entangled state coherences for qudit dimensions d = 2, 3, 4. The dashed lines are
fits of the state phases at each point in time to a particular differential magnetic field 6B between
the two systems that minimizes the deviation from the phase shift ¢ = 6By, (d)T using the state
sensitivities from Table S3. The fitted differential magnetic field is shown in the first plot of each
family of plots.
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Figure S3: The states of ions A and B after the entanglement heralding.
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Figure S4: The states of ions A and B after entanglement heralding followed by analysis 7/2-
rotation with the phase difference A¢.



Attempt | Attempt Experimental p
d | length rate Time (s) | Successes Attempts entanglement enis
(11s) (kHz) rate (s71) (<107
17 58 9,844 5,121 437,972,714 0.553 1.17
3 22.7 44 35,342 23,427 | 1,149,607,096 0.694 2.04
34.1 29 31,315 19,941 689,981,646 0.666 2.89

Table S1: Experimental metrics for different qudit dimensions d = {2, 3,4}. Attempt length in-
creases with dimension due to the need for more swaps between levels. Wall-clock time and
experimental entanglement rate are calculated with experimental overhead included. The entangle-
ment generation success probability Pep is computed from the number of successes and attempts.

Component System A System B
Lens solid angle 0.1 0.2

Fiber coupling 0.30(4) 0.20(3)
Trap clipping 0.78(2) 0.97(1)
Optical losses 0.90(2) 0.80(2)
APD quantum efficiency 0.65(3) 0.65(3)
Excitation probability 0.70(5) 0.70(5)
Branching ratio 0.486 0.486
Total pa =0.0047(8) | pp =0.0069(12)

Table S2: Breakdown of photon collection and detection efficiencies p4 and pp for individual

atom-photon systems A and B.

Table S3: Bell state phase sensitivities to magnetic field for all heralded states and qudit dimension
d = {2,3,4}. These are given by the magnetic g-factors of the relevant states along with dwell

Phase sensitivity (rads/mG), y,m,

Heralded Bell state | d=4 d=3 d=2
[10) = |O1) 0.31 0.61 0.49
[20) = |02) -1.24 -0.92 -
|30) + |03) 1.71 — —
[12) + |21) 1.64 1.65 —
[13) = |31) -0.50 — —
|23) + |32) -3.22 - -

times for shelving and swapping operations for each protocol.




Common errors (%)

SPAM 0.5
Photon wavepacket overlap 0.2
Atom recoil, 6t = 50 ns 0.3
Background counts <0.2
Atom recoil, w,; fluctuation < 0.1
Beamsplitter imperfection <0.1
Residual erasure errors < 0.1
Micromotion < 0.01
TOTAL common errors (%) | 1.51

Errors for individual Bell states (%)

d=4
Bell state | Decoherence | 1762 error | TOTAL
|01) = |10) 0.1 0.98 2.59
|02) + |20) 0.9 2.61 5.02
[12) + |21) 1.6 7.68 10.79
|03) + |30) 1.7 7.1 10.31
[13) = |31) 0.2 1.19 2.9
|23) + |32) 59 6.23 13.64
d=73
Bell state | Decoherence | 1762 error | TOTAL
|01) = |10) 0.2 0.98 2.69
|02) + |20) 0.5 10.76 12.77
[12) + |21) 1.6 7.12 10.23
d=2
Bell state | Decoherence | 1762 error | TOTAL
|01) = |10) 0.1 8.6 10.21

Table S4: Error budget.




Dimension d = 2
State Fidelity | Populations | Contrast
|01) +[10) | 0.950 (19) | 0.986 (6) | 0.909 (33)
|01) —|10) | 0.941 (15) | 0.988 (5) | 0.891 (26)

Dimension d = 3
State Fidelity | Populations | Contrast
|01) +[10) | 0.950 (19) | 0.984 (8) | 0.909 (33)
|01) — |10) | 0.941 (15) | 0.987 (8) | 0.891 (26)
|02) +]20) | 0.959 (13) | 0.993(5) | 0.925 (23)
|02) — |20) | 0.943 (11) | 0.984 (8) | 0.893 (17)
[12) +|21) | 0.917 (13) | 0.992 (6) | 0.857 (17)
[12) —|21) | 0.927 (18) | 0.993 (5) | 0.881 (26)

Dimension d = 4
State Fidelity | Populations | Contrast
|01) +[10) | 0.950 (19) | 0.991(5) | 0.909 (33)
|01) —|10) | 0.941 (15) | 0.992(5) | 0.891 (26)
|02) +]20) | 0.959 (13) | 0.993 (4) | 0.925 (23)
|02) —|20) | 0.943 (11) | 0.992 (5) | 0.893 (17)
[12) +]21) | 0.917 (13) | 0977 (9) | 0.857 (17)
[12) —|21) | 0.927 (18) | 0.973(9) | 0.881 (26)
|03) +[30) | 0.901 (18) | 0.966 (10) | 0.836 (27)
|03) — |30) | 0.864 (18) | 0.953 (11) | 0.774 (25)
[13) +|31) | 0.987 (13) | 0.988 (6) | 0.987 (20)
[13) —|31) | 0.971 (12) | 0.985(7) | 0.958 (17)
[23) +132) | 0.862 (18) | 0.982(7) | 0.741 (29)
[23) —|32) | 0.849(23) | 0.993 (4) | 0.706 (41)

Table SS5: Measured fidelities, populations, and contrasts for each entangled Bell state for qudit
dimensions d = {2, 3,4}.
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